Abstract. We present ill-posedness results for the initial value problem (IVP) of the 5th-order Gardner equation. We use new breather solutions discovered for this higher order Gardner equation to measure the regularity of the Cauchy problem in Sobolev spaces H s . We find the sharp Sobolev index under which the local well-posedness of the problem is lost, meaning that the dependence of 5th order Gardner solutions upon initial data fails to be continuous
Introduction
In this short note we continue our work on the Gardner equation, started in [1] , but this time we are going to focus on the regularity for the Cauchy problem of the 5th-order Gardner equation where v = v(t, x) is a real valued function. Our aim is to extend previous results [1] on the ill-posedness for the Gardner equation
3 ) x = 0, µ, t, x ∈ R, (1.2)
to the above (1.1) higher order version of the Gardner equation. Specifically, we present here one result about the ill-posedness of the 5th-GE for given data in H s (R). Our interest is to study the nonlinear evolution driven by the 5th-GE (1.1) with initial data defined by a periodic in time and spatially localized function as it was firstly introduced by Kenig, Ponce and Vega [6] , and as we will show further.
Note that for µ ≪ 1 (1.1) can be considered as a perturbed 5th order mKdV equation
More precisely, we can get the 5th-GE (1.1) from (1.3) looking for solutions in the form u(t, x) = µ + v(t, x), µ ∈ R, and a suitable spatial translation.
About the well-posedness of the 5th order mKdV equation (1.3), Linares by using a contraction mapping argument, in [9] , has showed that the Cauchy problem for the equation (1.3) is locally well-posed at H 2 (R). Moreover, Kwon [8] obtained that the 5th order mKdV equation (1.3) is locally well-posed at H s (R), with s ≥ . About global well-posedness of the 5th order mKdV equation, we can see that the equation (1.3) has this property at H s (R), if s ≥ 1 (see [5] , [8] and [9] for more details). On the other hand, Alejo and Kwak [4] have been studying conditions to obtain a well-posedness characterization of the 5th-GE (1.1), generalizing previous results [2] for the Gardner equation (1.2) . Finally, and as far as we know, the study of the well posedness in the periodic setting for (1.1) is actually an interesting open problem, and which in fact it would generalize recent results of Kwak for the 5th order mKdV (1.3) in the torus [7] . Now, we remember some basic concepts: by local well-posedness of the IVP (1.1) we understand that there exists a unique solution u(t, ·) of (1.1) taking values in H s for a time interval [0, T ), it defines a continuous curve in H s and depends continuously on the initial data, that is:
In [3] , we were able to build explicit breather solutions for higher order Gardner equations. In this note, we will use the corresponding definition for the real breather solution of the 5th-GE:
The real breather solution of the 5th-GE (1.1) is given explicitly by the formula
where
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and with velocities
and
Remark 1.1. Note that since the functional form of this breather solution is the same than the classical breather solution of the Gardner equation [1, Def.1.1], we get similar properties on it. For instance, for each fixed time, the breather of the 5th-GE (1.4) is a function in the Schwartz class, with zero mean
Furthermore, B 5µ satisfies the same fourth order elliptic equation which characterizes classical Gardner breather solutions (see [3] for further reading) 
is a breather solution to the equation (1.1), where
We will assume here that α, β > 0, which we will call them as the frequency and the amplitude of the breather respectively. The following simplification on the breather solution will help us analyze the regularity of the IVP for the 5th-GE. It is easy to see in (1.12)-(1.13), that selecting α large, such that β/α ≪ 1, the Gardner breather (1.11) reduces to v α,β,µ (t, x) := B 5µ (t, x) ≈ 2β cos(α(x + δ 5 t))sech(β(x + γ 5 t)) (1.14)
or simply
where Q denotes the solution of the nonlinear ODE 
Main Theorem
The use of the approximation (1.15) will be a key step in the proof of the ill-posedness of the 5th-GE. The main result concerning the IVP (1.1) is the following:
Main Theorem (Ill-posedness of the 5th Gardner eq.). If s < 3/4, the mapping data-solution v 0 → v(t), with v(t) a solution of the IVP for the 5th-order Gardner equation (1.1) is not uniformly continuous.
Remark 2.1. The proof is simple, and it reduces to first compute the distance between two initial data with different frequencies α i , i = 1, 2 but the same amplitude β. Next, we will measure the distance between two solutions at time t = T and selecting large enough frecuencies α i , i = 1, 2, we avoid the interaction of the supports of these solutions. Finally, we obtain a lower bound to the distance of solutions at time t = T . Selecting the frequencies α i , i = 1, 2 in a suitable way, and since s < 3/4, we will arrive to a contradiction with the continuous dependence of the mapping data-solution.
Remark 2.2. If µ = 0, the equation (1.1) becomes the 5th order mKdV equation (1.3) . Therefore, as a direct consequence, this Theorem also guarantees a result on the ill-posedness to the 5th order mKdV equation (1.3) which agrees at least with the upper limit of the critical Sobolev index of the ill-posedness result for (1.3) obtained by Kwon [8] . Namely Corollary 2.1 (Ill-posedness of the 5th order mKdV eq.). If s < 3/4, the mapping data-solution u 0 → u(t), with u(t) a solution of the IVP for the 5th order mKdV equation (1.3) is not uniformly continuous.
Proof. (of the Main Theorem.)
We consider the IVP for the 5th-order Gardner equation with initial data given by the breather solution (1.4),
With µ fixed, we take the parameter α large enough, such that β α ≪ 1. Then, from (1.15), the initial data reads
with Q β defined in (1.18). We take
Observe thatQ β (·) concentrates in the ball V β (0) = {ξ ∈ R; |ξ| < β}. First, we calculate the H s -norm of two different initial data for the 5th-GE in the regime with α large enough, such that β α ≪ 1:
where C denotes a constant. Second, we now compute the distance between these initial data
Next, we consider the corresponding solutions v α1,β,µ (t) and v α2,β,µ (t) at the time t = T . We can see that
Moreover, note that
9)
The information above shows that v αj ,β,µ (T ), j = 1, 2, concentrates in V β −1 (5α , given δ, T > 0, we can choose α so large that (2.16) is still valid, and then (2.12) does not satisfy uniform continuity and we conclude.
